We give a decomposition formula for the characteristic polynomials of ramified uniform covers of digraphs. Similarly, we obtain a decomposition formula for the characteristic polynomials of ramified regular covers of digraphs. As applications, we establish decomposition formulas for the characteristic polynomials of branched covers of digraphs and the zeta functions of ramified covers of digraphs.
Coverings and covers

Let D = (V (D), E(D)) be a digraph with the set V (D) of vertices and the set E(D) of arcs. If e ∈ E(D) is an arc from a vertex u to a vertex v, then we express it by writing i D (e) = u and t D (e) = v. Sometimes we also simply write e ∈ E(D) as (i D (e), t D (e)). For any two sets U, W ⊆ V (D), we put E(D)
W
= E(D) × [n] = {e i | e ∈ E(D), i ∈ [n]}, where e i goes from u i to v j if and only if e ∈ E(D) and j = α(e)(i). To avoid too many subscripts, sometimes we also use (v, i) and (e, i) instead of v i and e
. Note that the n-cover D α is an n-fold cover of D. Furthermore, the following facts were observed by Deng, Sato and Wu . 
Generalizing the concept of digraph cover, Deng, Sato and Wu introduced the concept of branched covers of digraphs [5] . As another generalization, we now introduce the construction of ramified covers. For a given digraph K, we say that the pair of a digraph D and a digraph homomorphism π :
there is exactly one arc in π −1 1 (e) (here π 1 means the arc map of π rather than the map π restricted on D 1 ) going from v to w.
, is a uniform covering projection, we call (D, π) a ramified uniform covering digraph over K. We will write the covering digraph (D, π) as (D 1 * · · · * D n , π 1 * · · · * π n ). Note here that the digraph D 1 * · · · * D n is determined by D i together with the projections π i for all i ∈ [n] and only the D i themselves are not enough to give the structure of D 1 * · · · * D n . So, when we use the notation D 1 * · · · * D n we will always have a set of coverings in mind.
A digraph D is called a ramified (uniform) cover of K whenever there is a homomorphism π such that (D, π) is a ramified (uniform) covering digraph over K. According to Theorem 2.1, we know that in many cases we can naturally find that a ramified cover is indeed a ramified uniform cover. We will keep using the notation in CI and CII and assume from now on that π i is an m i -fold covering projection for i ∈ [n]. Then, in view of Theorem 2.2 we can find n permutation voltage assignments
. This tells us that we can write the ramified uniform cover
The interest in the ramified uniform cover structure lies in the fact that the recognition of a ramified cover representation for a digraph will yield a decomposition formula for its characteristic polynomial, as we will demonstrate shortly.
Characteristic polynomials of ramified uniform covers
We first consider the adjacency matrix of the ramified cover
Furthermore, let
where F ij is the ν i × ν j matrix characterizing the adjacency relation from
Recall that the Kronecker product A B of two matrices A and B is obtained from A by having the element a ij replaced by the matrix a ij B. We use J a,b for the a × b matrix of all ones. List the vertices of
In view of CII, we can write according to this vertex ordering that
For any group Γ acting on a set M , the permutation representation P Γ sends each γ ∈ Γ to the permu-
Observe that when the action of Γ is different, P Γ may have different meanings. But whenever we use this incomplete notation, we will make clear which action is involved. Now for any i ∈ [n], let Γ i = {α i (e) | e ∈ E(K i )} be the subgroup of S mi generated by {α i (e) | e ∈ E(K i )}, whose elements act as permutations on [m i ]. We abbreviate P Γi (γ) as P i,γ . The following well-known formula for A(D i ) is immediate:
where
Combining Eqs. (3.3) and (3.4) yields
It is high time to turn to calculate the characteristic polynomial of the ramified uniform cover D. 
and the equality holds when c(K
for all γ ∈ Γ i [21] . Denote by j m = J 1,m the 1 × m matrix of all ones. We need the following key lemma.
Lemma 3.1.
[5, Lemma 6.3] The matrix U i in Eq. (3.9) can be chosen to satisfy
Eq. (3.6) then leads to
On the one hand, Eq. (3.4) and Eq. (3.9) tell us that for each i ∈ [n] it holds
On the other hand, for i, j ∈ [n], Lemma 3.1 asserts that 
and
we left-multiply (3.15) by Y −1 and then right-multiply it by Y. It turns out that the resulting matrix becomes
. Then, in view of Eq. (3.8),
we find that for
Observe that for i, j ∈ [n], k ∈ [m j1 ] \ {1}, the block t jk F ij as demonstrated in Eq. (3.18) appears in a place of which the only nonzero block in the same column is A(K j ) and that A(K i ) is the only nonzero block in the row that lies in. This means that these t jk F ij can be replaced by zeros to produce a matrix of the same characteristic polynomial, since the entries in their positions do not contribute to the determinant expansion. Henceforth, we are led to
where ν 0 = ν 1 + · · · + ν n and 
This is our main result and we state it formally below as a theorem. 
where A i,γ is defined by Eq. (3.5), ν 0 = ν 1 + · · · + ν n and A is given by Eq. (3.20) . Especially, when c(K
As a corollary of Theorem 3.2, we obtain a decomposition formula of the characteristic polynomial of a uniform cover. 
Corollary 3.3. Let K be a digraph with ν vertices, m a positive integer, α : E(K) −→ S m a permutation voltage assignment on E(K) and Γ be the subgroup of S m generated by {α(e) : e ∈ E(K)}. Let
A γ = (a (γ) uv ), where a (γ) uv = |{e ∈ E(K) : i K (e) = u, t K (e) = v• I 1 ⊕ m 2 • ρ 2 ⊕ · · · ⊕ m k • ρ k . Then we have χ(K α ; λ) = χ(K; λ) m1 k j=2 det(λI νfj − γ∈Γ ρ j (γ) A γ ) mj .
Putting together Theorem 3.2 and Corollary 3.3 yields
Corollary 3.4. Following the notations in Theorem 3.2, we have
χ(D; λ) = det(λI ν0 − A ) n i=1 χ(K αi i ; λ)/χ(K i ; λ).
Characteristic polynomials of ramified regular covers
Let D be a digraph and Γ a group. We say that Γ acts freely on D via the action φ if for each γ ∈ Γ there is a digraph isomorphism φ γ = (φ γ,0 , φ γ,1 ) : D −→ D and the following three conditions hold:
1. If γ 0 is the unit of Γ, then φ γ0 : D −→ D is the identity isomorphism.
3. For any γ = 1 ∈ Γ, there is no vertex v of D such that φ γ,0 (v) = v. in the sense of [6] .
The quotient digraph D/φ of D induced from the action φ has the set of the vertex orbits {[v] | v ∈ V (D)} as its vertex set and the set of the arc orbits {[e] | e ∈ E(D)} as its arc set. The adjacency relation in D/φ is specified by t D/φ ([e]) = [t D (e)] and i D/φ ([e]) = [i D (e)] for all e ∈ E(D). The natural covering projection
Making use of the above discussion and following the same approach in the preceding section, we obtain a decomposition formula for the characteristic polynomial of the ramified regular cover D over K. Note that it generalizes [6, Theorem 4.2].
where A is given by Eq. (3.20) and A i,γ defined by Eq. (3.5).
Branched covers
We consider a branched cover of a digraph. Let D be a digraph. [5, 10] . The set B is called a branch set of π : H −→ D. We say that B is of index 1 and π has branch index 1 if |π 
and A γ is as specified in the paragraph before the theorem.
In case that α is an ordinary voltage assignment from E(D − B) to a group Γ, the following result is immediate. 
Zeta functions
For any dynamical system (M, φ) with p n (φ) < ∞ period-n periodical points for each positive integer n,, the zeta function ζ φ (u) is defined as ζ φ (u) = exp( [14, §6.4] . Any digraph D naturally induces a shift of finite type, for which the zeta function is always well-defined. We will call this function the zeta function of D and denote it by ζ (D, u) . In this section, we move on to an indication of the consequence of our work on the calculation of the zeta functions of digraphs.
We will need the famous Bowen-Lanford formula [2] in symbolic dynamics. Note that it was also obtained independently by Kotani and Sunada [11] , and Mizuno and Sato [17] , respectively. 
where ν 0 = ν 1 + · · · + ν n and A is as specified by Eq. (3.20) .
From Corollary 3.3 and Theorem 6.1, we obtain a decomposition formula of the zeta function of a uniform cover. 
Especially, when c(K α ) = c(K) we have
Note that c(K α ) = 1 implies that c(K α ) = c(K). Thus we deduce from Corollary 6.3 the following result of Feng and Kim [8] . Finally, we mention that in terms of Theorem 6.1 and our former results on characteristic polynomials, we can still get various decomposition formulae of the zeta functions of a ramified regular cover, a regular cover, or a branched cover.
An example
We demonstrate the use of Theorem 3.2 with an example. Let K be a digraph and let V (K) = V 1 ∪ V 2 be a partition of V (K) as follows: 
